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V-Agdal, Av.Ibn Battouta, B.P 1014 Agdal Rabat, Morocco,

Abstract

In this paper, we study how the efficiency of deterministic joint remote state preparation
(DJRSP) is affected, when qubits involved in the protocol are subjected to noise or decoher-
ence. The study is performed on the DJRSP pattern, for its reliability, in a mixed GHZ state,
mainly focusing on both phase flip noise and bit-flip noise, which are both found in pragmatic
implementations of quantum communication protocols. Our study demonstrates that the fi-
delity of the output state for the phase-flip noise depends on the mixing parameter, the phase
factor, the amplitude factor and the parameter for the phase-flip noise, while the precision
depends only on the mixing parameter, the amplitude factor and the parameter for bit-flip
noise. The receiver will get different output states depending on the result of measurement
of the first party in the amplitude damping noise. Our results will be handy to improve the
security of quantum communication in a pragmatic implementation.
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1 Introduction:

In the quantum realm, quantum entanglement is a necessity that has bewildering uses such as
quantum teleportation[1], which can securely transmit a quantum state of a party at a remote
receiver using entangled pre-shared resources. This is why there is room for research work on
the quantum entangled states [2], such as quantum key distribution [3,4], quantum secure direct
communication [5,6], quantum data hiding[7,8], quantum signature [9] and quantum authentication
[10]. All these open new dimensions in security by-pass the limitations of the classical bit-wise
implementations [11-16].
In the real world, the entangled resources are generated and transmitted by interacting with the
external environment. These interactions are considered noise. In this context, many works have
achieved quantum communication across noisy environments [17-20]. On the other hand, quantum
algorithms, as Grover’s search algorithm[21], can solve some problems much faster than classical
algorithms [22-24]. Bennett et al. [25] demonstrated that an unknown quantum state can be
teleported to a spatially separated place via the Einstein-Podolsky-Rosen channels. While if a
quantum state is known to the sender, there is another way to transfer the quantum state without
transmitting the qubit, which is known as remote state preparation (RSP) [26-28]. Thanks to
shared quantum resources and additional standard information, the RSP can be performed with
simpler measurements and classical communications, and costs less than quantum teleportation.
Different types of RSP scheme were proposed, mainly the oblivious RSP [29], the continuous
variable RSP [30], and RSP in Higher dimension space [31]. In recent years, many researchers have
also proposed more complex patterns such as the Joint RSP (JRSP) [32-34], and the controlled
RSP (CRSP) [35,36]. The difference between JRSP and CRSP is the roles of the preparators. In
JRSP scheme, each transmitter is an information medium that holds partial information from a
prepared state and all senders jointly prepare the state for a remote receiver. While in the CRSP
there is a controller that does not know the details of the state, but the plan cannot be completed
without his consent. Nonetheless, such schemes are not enough to secure sensitive information.
Thats why Xiao et Al introduced the three-step strategy to increase the likelihood of success of
JRSP, called, the deterministic JRSP (DJRSP). [37] By adding some classical communication and
local operations, the probability of success of the preparation can be increased to 1. Nguyen et
al. [39] presented two DJRSP schemes of a general state of one and two qubits using EPR pairs.
Chen et al. [40] extended this idea to make a DJRSP of an arbitrary three-qubit state using six
pairs of EPR.
In this paper we will study the influence of mixing parameter and noise rate, bit-flip and phase-flip,
on DJRSP. We are focusing in this paper on one-qubit mixed GHZ based DJRSP scheme. Then,
we compare the accuracy of the output stat with and without the mixing parameter.

2 Noisy DJRSP scheme of an arbitrary one-qubit state us-
ing shared GHZ mixed states

2.1 The noisy channels

We consider the effect of noise on the DJRSP process when the qubits suffer phase noise or bit-flip.
The first noise action is described by a set of Kraus operators as follows:

EPF0 =
√

1− λ I (1)

EPF1 =
√
λ σz
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where I is the identity matrix, σz is the Pauli matrix and 0 ≤ λ ≤ 1 the probability of error.
Similarly for bit-flip noise we use :

EBF0 =
√

1− λ I (2)

EBF1 =
√
λ σx

with 0 ≤ λ ≤ 1 is the noise level and σx is the Pauli matrix.

2.2 DJRSP scheme of one-qubit based on GHZ mixed state

In DJRSP program, both Alice and Bob want to jointly prepare a state of qubit a xith the help of
the supervisor Charlie. The state to be prepared is in the form :

|Φ〉 = a0e
iθ0 |0〉+ a1e

iθ1 |1〉, (3)

knowing that a0,a1 are real numbers known to Alice, and satisfying a20 + a21 = 1, also θ0 , θ1 are
supposed known to Bob and satisfying the condition θ0 , θ1 ∈ [0, 2π] .
As quantum resource that is shared between Alice, Bob and Charlie we use :

ρABC = η|GHZ〉〈GHZ|+ 1− η
8

I (4)

with 0 ≤ η ≤ 1 the mixing parameter, and the GHZ state is given by |GHZ〉 = 1√
2
(|000〉 +

|111〉)ABC (we suppose that the first qubit, A belongs to Alice, the second qubit, B belongs to
Bob and that Charlie holds the last qubit C ).
Now, the effect of noise described by (1) or (3) on the density operator is given by the expression:

ρsource =
∑
i,j

EBi E
C
j ρABC(EBi )+(ECj )+ (5)

Ei,Ej Represent the noise operators that act on the different qubits and i, j ∈ {0, 1}.
It is assumed that Alice is the quantum resource generator, she keeps the qubit A and sends the
qubits B and C to Bob and Charlie respectively through a noisy quantum channel of phase-flip
noise or bit-flip.To simplify the analysis it is assumed that the noise of each channel is identical.
Given these two noise environment, we show that the original mixed state becomes :

ρPFsource =
1

8
{(1 + 3η)|000〉〈000|+ 4η(1− 2λ)2|111〉〈000| (6)

+ (1− η)|001〉〈001|+ (1− η)|011〉〈011|+ (1− η)|100〉〈100|
+ (1− η)|101〉〈101|+ (1− η)|110〉〈110|+ 4η(1− 2λ)2|000〉〈111|
+ (1 + 3η)|111〉〈111|+ (1− η)|010〉〈010|}.

when afected by the phase flip noise.
Similarly when affected by bit-flip noise it be comes :
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ρBFsource = ((1− η8 +
η

2
)(1− λ)2 +

1

4
(1− η)(1− λ)λ+

1

8
(1− η)λ2)|000〉〈000| (7)

+
1

2
η(1− λ)2|111〉〈000|+ 1

2
η(1− λ)λ|110〉〈001|+ 1

2
η(1− λ)λ|101〉〈010|

+ (
1

8
(1− η)(1− λ)2 +

1

8
(1− η)(1− λ)λ+

1

8
(1− η)λ2) + (

1− η
8

+
η

2
)(1− λ)λ)|001〉〈001|

+ (
1

8
(1− η)(1− λ)2 +

1

8
(1− η)(1− λ)λ+

1

8
(1− η)λ2) + (

1− η
8

+
η

2
)(1− λ)λ)|010〉〈010|

+
1

2
ηλ2|100〉〈011|+ 1

2
ηλ2|011〉〈100|+ 1

2
η(1− λ)λ|001〉〈110 +

1

2
η(1− λ)λ|010〉〈011|

+ (
1

8
(1− η)(1− λ)2 +

1

8
(1− η)(1− λ)λ+

1

8
(1− η)λ2) + (

1− η
8

+
η

2
)(1− λ)λ)|011〉〈011|

+ (
1

8
(1− η)(1− λ)2 +

1

8
(1− η)(1− λ)λ+

1

8
(1− η)λ2) + (

1− η
8

+
η

2
)(1− λ)λ)|100〉〈100|

+ (
1

8
(1− η)(1− λ)2 +

1

8
(1− η)(1− λ)λ+

1

8
(1− η)λ2) + (

1− η
8

+
η

2
)(1− λ)λ)|101〉〈101|

+ (
1

8
(1− η)(1− λ)2 +

1

8
(1− η)(1− λ)λ+

1

8
(1− η)λ2) + (

1− η
8

+
η

2
)(1− λ)λ)|110〉〈110|

+ ((
1− η

8
+
η

2
)(1− λ)2 +

1

4
(1− η)(1− λ)λ+

1

8
(1− η)λ2)|111〉〈111|

+
1

2
η(1− λ)2|000〉〈111|,

Alice and Bob can do the appropriate action on their own qubits to recover the original state
according to the results measured by Alice and Bob and Charlie.

The DJRSP can be represented as follows:

Step1: Alice first measures qubit A by using the measurement operator{Am} with m ∈ {0, 1}.
The system of (B, C) will become

ρ1 = trA

[
Am ∗ ρABC ∗A†m

tr(Am ∗ ρABC ∗A†m)

]
, (8)

where Am = |Pm〉〈Pm| with Pm is projective measurement.

Step2: Bob measures qubit B by using the measurement operator {Bmn } with m,n ∈ {0, 1}.
The system of qubit C becomes

ρ2 = trB

[
Bmn ∗ ρ1 ∗ (Bmn )†

tr(Bmn ∗ ρ1 ∗ (Bmn )†)

]
(9)

where Bmn = |Om
n 〉〈Om

n | with |Om
n 〉 can be rewritten as, |Om

n 〉 = V m|n〉 so that

V m = 1√
2

(
e−iθm e−iθ1−m

(−1)me−iθm (−1)1−me−iθ1−m

)
Step3: Charlie recovers the prepared state by performing R

(m)
n , that is

ρout = R(m)
n ∗ ρ2 ∗ (R(m)

n )† (10)

where {R(0)
0 = I, R

(0)
1 = σz, R

(1)
0 = −σzσx, R(1)

1 = −σz} denote the recovery operators.
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The output state for the phase-flip noise, then is

ρPFout = (1 + η(1− 2a21))|0〉〈0|+ 2a0a1η(1− 2λ)2ei(θ0−θ1)|0〉〈1| (11)

+ 2a0a1η(1− 2λ)2e−i(θ0−θ1)|1〉〈0|+ (1− η(1− 2a21))|1〉〈1|

Similarly to bit-flip noise, we will get:

ρBFout = (1 + η(1− 2a21))(1− λ)|0〉〈0| − 2a0a1η(λ− 1)ei(θ0−θ1)|0〉〈1| (12)

− 2a0a1η(λ− 1)e−i(θ0−θ1)|1〉〈0|+ (−1 + η(1− 2a21))(λ− 1)|1〉〈1|

2.3 The scheme fidelity

we calculate the fidelity to study how much the initial state [3] is different form the output state.
the fidelity in our case is given by :

F = |〈φ|ρout|φ〉| (13)

According to equations (3) and (11), it is easy to obtain the fidelity for the phase-flip noise in the
form

FPF =
1

2
{1 + η(16λa21(λ− 1)(1− a21) + 1)} (14)

The equation above shows that the fidelity FPF depends on the mixing parameter η, the noise
rate λ and the amplitude factor a1 =

√
1− a20.

The behaviour of FPF as a function of λ and a1 with different values of η are plotted in Fig-
ure 1:

5
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(a) (d)

(b) (e)

(c) (f)

Figure 1 : The fidelity FPF of the output state in the phase-flip noise with respect to a1 and λ
for different values of η. (a) FPF with a1 and λ when η = 1; (b) η = 0.5; (c) η = 0. (d) with a1

for selected λ when η = 1; (e) η = 0.5; (f) η = 0.

The plots show that in case of a pure state η = 1, the maximum fidelity is 1. It is reached
when λ = 0 or 1 ∀a1 on one hand, on the other hand a1 = 0 or 1 ∀λ . The minimum fidelity is 0.5
when λ = 1

2 or a1 = 1√
2

. Moreover λ takes other values different, then the fidelity is concave up,

as shown in the figure 1 (d). In this case the state is pure and contains the maximum amount of
quantum correlation.
For case of η = 0.5, which means that the GHZ state is mixed. The maximum value of fidelity
is 0.75 and the minimum is 0.5. We see here that the maximum fidelity is decreased and the
minimum is same.
For the last case η = 0, which means that the state is maximally mixed. It can be seen that the
fidelity is stabilizing on the value 0.5 whatever the values of λ and a1 are. This is expected as in
this case, the state ρsource doesn’t include any quantum correlation, and the state preparation is
entirely classical correlation.

Similarly, in the case of bit-flip noise using (3) and (12) we get for the fidelity the following
expression

FBF =
1

2
{(1− a21)(1− η(2λ− 1)) + a41(1− η(2λ− 1)) (15)

− 2a21(1− a21)(4ηλ(λ− 1) cos(2(θ0 − θ1)− (1 + η − 2ηλ+ 4ηλ2))}

Here, the equation (15) of fidelity FBF depends on η mixing parameter, λ noise rate, a1 amplitude
factor and also depends on θ0 and θ1 phase factors, which is different from the phase-flip noise.
First, we plot the FBF in terms of λ and a1 with different values of η for θ0 − θ1 = 0 or π , as

6
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shown in the Figure 2.

Then, we plot the FBF in terms λ and a1 with different values of η for θ0 − θ1 = π
2 or 3π

2 ,
in Figure 3.
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(a) (d)

(b) (e)

(c) (f)

Figure 2 : The fidelity FBF of the output state in the bit-flip noise with respect to a1 and λ for
different values of η and θ0 − θ1 = 0 or π . FBF with a1 and λ when (a) η = 1; (b) η = 0.5;(c)

η = 0; FBF With a1 for selected values of λ when (d) η = 1; (e) η = 0.5; (f) η = 0.

Figure 2 shows that when η = 1, the maximum fidelity is 1, it is reached for λ = 0 ∀a1, and for
a1 = 1√

2
∀λ. The minimum fidelity is 0 reached for a1 = 0 or 1, and λ = 1. When λ 6= 0 the

fidelity is convex down, as show in the Figure 2 (d).
For the case where η = 0.5 the behaviour is similar as in the previous case (η = 1) except that
the maximum value the fidelity reaches is 0.75 and the minimum is 0.25. So the maximum fidelity
decreases and the minimum increases.

For the last case η = 0 corresponding to a maximally mixed state, it can be seen that the
fidelity is stabilizing at the value 0.5 whatever values of λ and a1 are.

8
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(a) (d)

(b) (e)

(c) (f)

Figure 3 : The fidelity FBF of the output state in the bit-flip noise with respect to a1 and λ for
different values of η and θ0 − θ1 = π

2 or 3π
2 . FBF with a1 and λ when (a) η = 1; (b) η = 0.5;(c)

η = 0.5; FBF With a1 for selected of λ when (d) η = 1; (e) η = 0.5; (f) η = 0.

When θ0 − θ1 = π
2 or 3π

2 Figure 3 show that the maximum and minimum value of fidelity remains
the same, the only difference between this case and the previous case is that the fidelity in this
case changes concavity at a certain value of λ. From the graph illustrated in Figure 4, we find that
the critical value of λ at which this occurs is λ = 0.5.

9
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Figure 4 : The fidelity FBF of the output state in the bit-flip noise with respect to λ for selected
values of η when θ0 − θ1 = π

2 or 3π
2 .

3 Conclusion

In this paper we studied the influence of the mixing parameter η on the mixed GHZ state in
the case of two types of noise phase-flip and bit-flip with the use of a DJRSP scheme. Some
information about the prepared state is lost due to the noisy channel and also through the mixing
effect. To describe the approximation of the final states with the original state and the amount
of information lost in the process we used the fidelity. The result of our study show that the
loss of the information in the case of a mixed GHZ state becomes important with respect to the
pure state when approaching the reality by the reducing the mixing parameter η. In order to
improve quantum communications theoretically and experimentally we must take into account the
effect of the mixing parameter in the teleportation protocols of information because it contributes
significantly to the loss of information.
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